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1. Introduction

The permutation flow shop refers to a production system where the job flow is one-way, linear, and 
maintains the same order among all machines. This scheduling problem variant is frequently studied and 
applied in production environments due to its common occurrence in real-world scenarios and its importance 
in optimisation theory (Fuchigami et al., 2019).
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Optimising a production process should align with the characteristics of the product (or service), the company’s 
strategy, and anticipated business outcomes. In terms of the flow shop structure, the most studied performance 
metrics are flow measures such as makespan (the completion time of the final job on the last machine) and flow 
time (the total completion times of all jobs on the last machine) (Tyagi et al., 2013; Fuchigami & Rangel, 2018). 
Reducing times in which machines are not processing any job (machine idle time) and jobs are not processed 
on any machine (job waiting time) is crucial in manufacturing efforts to minimise unproductive periods, as is 
the case in the just-in-time philosophy (Fuchigami et al., 2018). The balance of these objectives (minimum 
idle and waiting time) has large influence e.g. on steel and food industries in which unproductive times may 
increase the product deterioration (Maassen et al., 2020; Abreu & Fuchigami, 2022).

Minimising these measures can significantly enhance factory productivity and contribute to waste reduction, 
electricity usage, and machine utilisation (Geng & Evans, 2022). The minimisation of idle and waiting times 
in the flow shop scheduling problem was introduced by Abreu & Fuchigami (2022), which evaluated various 
compact mathematical formulations to optimally solve problem instances with a general-purposed mixed-integer 
programming (MIP) solver.

In situations where there is no need for a guarantee of optimal solutions and where quick and satisfactory 
solutions are preferred, heuristic methods can efficiently solve complex problems within acceptable computational 
times (Fuchigami & Abreu, 2024; Fuchigami & Prata, 2023). The most recognised heuristic for the flow shop 
is the NEH, introduced by Nawaz et al. (1983) and widely used for various scheduling problems (Prata et al., 
2023). Although it may not be the best solution for all flow shop system problems today, some studies have 
demonstrated its effectiveness in minimising idle or waiting times. Framinan et al. (2003) evaluated 177 different 
initial orders for the NEH procedure and concluded that the original one, which is the decreasing order of the 
sum of processing times, called longest processing time (LPT), is the best approach for minimising idle time 
in a flow shop environment. To reduce the waiting time of jobs between sequential machines, also known as 
core waiting time, Maassen et al. (2019) compared four different NEH-based heuristics and the best performing 
performed was the original algorithm (with the LPT as initialisation).

Our study evaluates the impact of different metrics in a heuristic algorithm designed to reduce unproductive 
times in manufacturing systems. In particular, we address a static and deterministic scheduling variant which 
considers a permutation flow shop problem with the jointly minimisation of machine idle time and job waiting 
time. Four tailored metrics based on problem-specific features are implemented for this problem and further used 
to initialise the heuristic algorithm. These design procedures are incorporated and evaluated by comparing them 
with two classic metrics and a random one. We assess the performance of all 22 methods with four different 
benchmark instances, and the results are analysed through statistical testing and the performance profile method.

In short, our contributions are threefold: (i) we design tailored metrics for the optimisation of manufacturing 
schedules to reduce unproductive times; (ii) we implement an extensive computational experimentation of a 
massive amount of method derived from the metrics; (iii) we carry a curate evaluation of all methods with 
statistical analysis and performance profiles; and (iv) we provide managerial insights for decision-makers in shop 
floor manufacturing industries. The remainder of this paper is organised as follows. In Section 2 we explore the 
existing literature on optimisation techniques applied to minimise idle and waiting times. Section 3 provides 
a formal characterisation of the problem addressed in this study and details a mathematical formulation that 
models the manufacturing system. Section 4 introduces the proposed metrics and details the applied heuristic 
procedure. Section 5 describes the experimental setup, presents all computational results, and discusses the 
analysis of performance profiles. Section 6 summarises our main findings and concludes the study with managerial 
insights and possible research extensions.

2. Related literature

The structure of scheduling problems presents many variants considering different characteristics of jobs and 
machine. In particular, objective functions may be classified into sum-form (aggregate performance measure 
across all jobs) and max-form (worst-case performance measure) (Yuan et al., 2020). The reader is referred to 
Maassen et al. (2020) for a review on the relationship between common objective functions and idle time and 
waiting time minimisation. Our literature review first addresses papers that study the machine idle time, then, 
papers on job waiting time are reviewed. We finalise the section with studies that jointly minimises machine 
idle and job waiting times.

The minimisation of idle time has been addressed in studies mainly as a secondary objective. Liu et al. 
(2016) aimed minimising makespan and machine idle time by introducing a NEH-based algorithm using a new 
priority rule and a tie-breaking method. Yadav & Agrawal (2019) addressed the machine idle time differently 
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by maximising the workload on each workstation on a two-sided assembly line balancing problem through an 
exact mathematical method. Their approach helped to minimise the production line length and its total idle time.

On the weekly Home Health Care (HHC) re-planning operation, a scheduling problem variant, Martinez et al. 
(2019) presented a decomposition approach to minimise the workers’ idle time under continuity of care constraints. 
Sanchez-de-los Reyes et al. (2022) compared constructive heuristic and metaheuristic algorithms on total core 
idle time minimisation considering the deterministic permutation flow shop problem and highlight that an 
adaptation of a variable block insertion heuristic (VBIH) had the best performance. Several papers considered 
the scheduling problem variant which jobs are processed with no machine-related unproductive times within 
the system, the no-idle problem (Ruiz and Stützle, 2007; Baraz and Mosheiov, 2008; Goncharov & Sevastyanov, 
2009; Ruiz et al., 2009; Nagano et al., 2019; Bektaş et al., 2020; Alidaee et al., 2021; Balogh et al., 2022).

The job waiting time is the interval of time that a job is kept waiting for the next machine be available for 
operation. An et al. (2016) developed a branch-and-bound algorithm for the minimisation of makespan in a 
two-machine flow shop scheduling problem with limited waiting time constraints and sequence-dependent 
setup times. Guo et al. (2016) studied the single machine rescheduling problem minimising the maximum job 
waiting time between its release and the start of operation.

Maassen et al. (2019) evaluated several heuristics to minimise total core waiting time in a permutation flow 
shop problem. Also, for the flow shop environment, Birgin et al. (2020) addressed the minimisation of total 
core waiting time after obtaining some solutions that minimise the total earliness and tardiness of jobs. The 
scheduling problem variant which jobs are processed among all machines without any interruption, the no-wait 
problem, is also common in the literature (Hall & Sriskandarajah, 1996; Li et al., 2008; Hecker et al., 2014; 
Allahverdi, 2016; Ye et al., 2017; Cheng et al., 2019; Allahverdi et al., 2020; Sharma et al., 2020).

As we can see, studies often address the idle and waiting times measures minimisation separately. Differently, 
Arviv et al. (2016) proposed a reinforcement learning algorithm to minimize makespan in the two-robot flow 
shop (with n jobs and m machines) scheduling problem by assigning reward functions based on idle and 
waiting times to robots. Maassen et al. (2020) studied the equivalence between classical performance measures 
(makespan and flow time), machine idle time, and job waiting time for the permutational semi-active flow shop 
scheduling problem. They found that good solutions for makespan do not imply a good solution for total core 
idle time and the opposite is similar. However, the flow time minimisation provides good total core waiting time 
values. Alfieri et al. (2023) also studied both idle and waiting times as objective functions and implemented 
mathematical models based in position and precedence considering semi-active and general solutions. Although 
their experiments comprehend the evaluation of both metrics, the formulations do not combine them.

Focusing specifically on the total sum of machine idle and job waiting times as performance measure, the 
study of Abreu & Fuchigami (2022) introduced four mathematical formulations as well as implemented the 
warm-start technique with heuristics solutions to speed-up and improve the solver’s optimisation procedure. They 
found that position-based models outperformed the sequence-based ones achieving 25% more optimal solutions.

In summary, we are not aware of any publication that have extensively tested different metrics specially 
designed to jointly minimise idle and waiting time in the permutational flow shop.

3. System representation

In this study, we represent the scheduling in a manufacturing system which consists in defining a sequence 
of jobs to be processed in the same relative position throughout all machines that generates the least total 
unproductive time. Each machine is able to process only one job at a time and each job can only initiate its 
operation on the next machine after its conclusion on the current one. We measure the unproductive time as the 
machine idle time and the job waiting time. In the operational research literature, this is the permutation flow 
shop problem with idle and waiting time minimisation. The permutation structure regards that, once defined, 
the sequence of jobs must remain the same on each machine for processing.

In the three-field notation of Graham et al. (1979), this scheduling variant is the  where Fm indicates that 
there are  machines,  indicates the permutational constraint, and  indicates the objective function to be minimised.

Let the set of n jobs be { }1, ,N n= …  and the set of m machines be { }1, ,M m= … . Each job j N∈  is available 
for processing at time zero and requires jkp  time units for processing on each machine k M∈ , which is known 
beforehand. It is also assumed that: no preemption or interruption is allowed; no job can be processed by more 
than one machine at the same time; no machine can process more than one operation at the same time; and 
all jobs must be processed in all machines with strictly positive processing time on all machines.

Table 1 provides a summary of the notation and description of all parameters and variables used throughout 
this paper.
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In this paper, we address the sum of total core and front idle time and total core waiting time as the objective 
function. As these measures are highly conflicting, i.e., to reduce the idle time we increase the waiting time, a 
common way to it is through a bi-objective formulation and compute a Pareto front. However, as both measures 
have the same magnitude, it is reasonable to accept their balance by considering the summation of them as 
the objective function (Abreu & Fuchigami, 2022). By considering the front idle time as part of the objective 
function, we assume that the production line is yet to be started, i.e., we also want to minimise the machine’s 
idleness while the first jobs did not arrive.

The idle time ( jkI ) on machine k  before the operation job j  is initiated is defined by the time between 
the beginning of job j operation and the completion of the previous job. If job j  is the first in the schedule, 
the idle time on machines { }1k M∈   is defined as front idle as the schedule starts at time 0 and is obtained 
by the difference between time 0 and its beginning time in each machine. It is considered that the operation 
of the first job is initiated at time 0. The interval between the completion time of the last job in each machine 

{ }k M m∈   and the makespan is defined as back idle ( kBI ). The waiting time ( jkW ) of job j  in machine k  is 
the time between its completion in the machine and its beginning in the next machine.

Figure 1 presents a Gantt chart for a 3 3×  scheduling problem (3 jobs and 3 machines) and highlights its 
machines idle times, job waiting times, front idle times, and back idle times. Maassen et al. (2020) classified 
scheduling problems that consider idle time in three different ways: (1) including back and front idle times; (2) 
excluding both back and front idle times; and (3) including front idle time but not back idle time. In this paper, 
we consider the third definition as part of our objective function because it is assumed that the final gap (back 
idle time) could be used to start another schedule of jobs.

Table 1. Description of the notations used in the paper.

Notation Description

Input data

n Number of jobs

m Number of machines

jkp Processing time of each job i  on each machine k

N Set with n  jobs

S Set with n  possible job positions

M Set with m  machines

Decision variables

jhx Indicate if job j is assigned to position h of the sequence

hkC Completion time of the job at position h in machine k

hkI Idle time of the machine k before the job in position h

hkW Waiting time of the job in position h in the machine k

Figure 1. Illustrative example of a 3x3 scheduling problem.
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It is important to notice that if the first definition is considered, the minimisation of the total idle time 
(front, core and back) may be equivalent to minimising makespan, as observed by Framinan et al. (2003) and 
Fernandez-Viagas & Framinan (2014).

A mathematical representation of the addressed problem is presented as a position-based mixed-integer 
linear programming (MILP) model that was introduced by Abreu & Fuchigami (2022). This model proved to 
be robust and efficient in handling the minimisation of total sum of core and front idle time and core waiting 
time as solved small size instances (up to 12 jobs and machines) optimally.

Let the binary variable 1jhx =  if the job j N∈  is scheduled in the position h S∈  of the sequence, and 0 
otherwise. Variable hkC  indicates the completion time of the job in h  position in machine k . The idle time 
on machine k  before the job in position h  is given by hkI . Finally, hkW  represents the waiting time of job in 
position h  on machine k . For an extensive experimentation of this and other mathematical formulations the 
reader is referred to Abreu & Fuchigami (2022).

( )min  , hk hk
h S k M

I W
∈ ∈

+∑∑  	 (1)

Subject to

1,  ,  jh
h S

x j N
∈
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1,  ,   jh
j N

x h S
∈

= ∈∑ 	 (3)

11 1 1,  j j
j N

C p x
∈

=∑ 	 (4)

{ }, 1 , 1 ,  , ,   h k hk hk j k jh
j N

C C W p x h S k M m+ +
∈

− − = ∈ ∈∑ 
	 (5)

{ }1, 1, , 1,  , ,   h k hk h k jk j h
j N

C C I p x h S n k M+ + +
∈
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	 (6)

{ }1, 1 1 1 1,  ,  k k k jk j
j N

I I W p x k M m+
∈

= + + ∈∑ 
	 (7)

{ }0,1 ,  , ,   jhx j N h S∈ ∈ ∈ 	 (8)

, , 0,  , .  hk hk hkC I W h S k M≥ ∈ ∈ 	 (9)

Equation 1 represents the objective of minimising the machine’s idle time and the job waiting time. Notice 
that this is a sum-form objective function. Constraints 2 and 3 ensure that only one job is assigned to each 
position and that each position is occupied by just one job. Constraint 4 defines the completion time of the 
first job on the first machine as its processing time ensuring that the operations initiate at time 0. Constraints 
5 express the difference between the completion time of a job j  on two consecutive machines ( k  and  1 k + ) 
as its waiting time on machine k  plus its processing time on machine 1k + . Constraints 6 indicate that the 
difference between the completion times of two consecutive jobs on a machine is equal to the processing time 
of the second (of both jobs) plus its idle time. Constraints 7 define the front idle on each machine. The variables 
domain is defined in 8 and 9.

4. Methodology

The use of operational metrics to sort jobs is simple to be implemented and is highly used in practice. However, 
as more complex manufacturing systems become, the need of more specific measures increases. We introduce 
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four tailored metrics based on the machine idle times caused by each job as shown in Figure 2 . These measures 
were designed for the permutation flow shop scheduling problem when the least unproductive time is desired.

Figure 2. Representation of the scheduling metrics.

4.1. Tailored scheduling metrics

As basis of comparison, we also use two dispatching rules that are common in the scheduling literature. 
Both rules are based on the total processing time, i.e., each job j  is assigned a total processing time in which 
consists in summing the processing time of this job on all machines. The dispatching rule Longest Processing 
Time (LPT) sorts jobs in decreasing order of total processing time while the rule Shortest Processing time (SPT) 
sorts them in an ascending order. Additionally, we generate random sequences. As follows we first introduce the 
metrics that are computed for each job and then we detail the algorithmic procedure of insertion to optimise 
the initial solution.

The front idle time is incorporated in two ways. The first approach is to sum the front idle time on each 
machine, resulting in two scheduling rules. The Longest Front Idle Time rule (LFIT) sorts the jobs in the order 
of decreasing total front idle times. Its counterpart is the Shortest Front Idle Time rule (SFIT) which sorts the 
jobs in the order of ascending total front idle times ( jFI ).

( ) ,  . j jkk M
FI m k p j N

∈
= − ∈∑ 	 (10)

The second approach consists in sorting jobs based on the idle time on the last machine. In this approach, 
we also have two scheduling rules. The Longest Last Front Idle Time rule (LLFIT) which sorts in the order of 
decreasing last front idle times ( jLFI ) as calculated by the Equation 11. Its counterpart is the Shortest Last 
Front Idle Time rule (SLFIT) which sorts jobs in the order of ascending the last front idle times ( jLFI ).

{ }
,  . j jkk M m

LFI p j N
∈

= ∈∑  	 (11)

The back idle time is also incorporated in two ways. The first approach considers the total back idle time and 
results in two scheduling rules. The Longest Back Idle Time rule (LBIT) sorts the jobs in the order of decreasing 
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total back idle times ( jBI ) as calculated by the Equation 12. Its counterpart is the Shortest Back Idle Time rule 
(SBIT) in which sorts the jobs in the order of ascending total back idle time ( jBI ).

{ }
( )

1
1 ,  . j jkk M

BI k p j N
∈

= − ∈∑  	 (12)

The second approach based on back idle time consists in sorting jobs considering only the first back idle 
time, i.e., the machine idle time after the job’s completion time on the first machine and its completion time 
on the last machine. This metric results in two scheduling rules. The Longest First Back Idle Time rule (LFBIT) 
sorts the jobs in the order of decreasing first back idle times ( jFBI ) as calculated by the Equation 13. Its 
counterpart is the Shortest First Back Idle Time rule (SFBIT), and it sorts the jobs in the order of ascending first 
back idle times ( jFBI ).

{ }1
,  . j jkk M

FBI p j N
∈

= ∈∑  	 (13)

In summary, we incorporate eight scheduling rules designed to generate efficient solutions considering the 
minimisation of idle and waiting times.

4.2. Heuristic insertion procedure

An improvement heuristic procedure was formulated based on rules defined previously and the insertion 
method of the Nawaz et al. (1983) algorithm. We choose the NEH heuristic procedure to implement and compare 
new idle-time-based rules based on: (i) the results of Framinan et al. (2003) and Maassen et al. (2019); (ii) its 
versatility for different problems; (iii) good performance on many scheduling variants; and (iv) the simplicity 
of understanding and implementation.

From an initial scheduling solution, this heuristic procedure attempts to optimise the objective function 
by iteratively inserting a job into a partial solution while maintaining the relative position among jobs already 
sorted. The initial sequence 'π  is obtained by applying one of the tailored scheduling metrics presented in 
Section 4.1. only once. Thus, resulting in different a solution depending on the rule used. The pseudocode of 
the IWNEH  heuristic is described in Algorithm 1 as follows.

Algorithm 1: IWNEH  heuristic procedure
1: Input: Processing time jkp , initial sequence π ′ .
2: Output: Optimised sequence π .

3: { }' '
1, , nπ π π= …′

4: procedure ( ), 'IW jkNEH p π

5: π =∅  


 Initialise the optimised sequence

6: { }'1π π←

7: 1sn =  


 Number of sorted jobs
8: for 2, ,h n= …  do
9: Test '

hπ  in each position keeping the relative position

10: for 1, , 1sl n= … +  do

11: '' '
l hπ π=  



 Initialise test sequence
12: ( ) ( )'' '' ' '

1 1 1 1, , , ,l lπ π π π− −… = …  


 Duplicate first 1l −  positions
13: ( ) ( )'' '' ' '

1 1, , , ,
s sl n l nπ π π π+ +… = …  



 Duplicate the rest of positions
14: Check the objective function ( )IW π ′′

15: end for
16: π π′← ′′  with the least ( )IW π ′′

17: sn + +  


 Update the number of sorted jobs
18: end for
19: π π← ′
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20: end procedure
As an example, consider an instance with 5 jobs and 5 machines, where the processing times of the jobs 

on each machine are ( )1 58,  77,  53,  99,  39p = , ( )2 1,  58,1 3,  71,  64p = , ( )3 93,  4,  62,  22,  31p = , ( )4 39,  81,  67,  51,  69p =
, ( )5 18,1 5,  24,  69,  25p = , where ip  contains the processing times of job i . The initial sequence is obtained by 
sorting the jobs using the LLFIT rule, resulting in the solution ( )1,4,3,2,5π =′  with an objective function of 1186. 
Then we run the IWNEH  algorithm. At first, we check the best permutation of the first two jobs. We keep their 
relative position and test inserting the next job of the initial solution. These steps are executed until the last 
job is inserted. Each iteration of the IWNEH  algorithm is illustrated in Figure 3.

Figure 3. Illustrative example of how NEH works.

Additionally, we have implemented the heuristic from Fernandez-Viagas & Framinan (2015) for comparison. 
The proposed algorithm, hereafter referred to as FF, is a constructive heuristic that starts by ranking jobs using 
an indicator that combines the induced idle and completion times. Based on this ranking, an initial partial 
sequence is built, and jobs are iteratively included considering the indicator value.

5. Design of experiments

5.1. Experimental setup

All procedures were tested in 72 sets with 10 instances of processing times. Each set of instances uses a 
different combination of problem size   n m×  ( n  jobs and m  machines). In total, we implemented all algorithms 
in each one of the 720 benchmark instances. The algorithms were written and implemented in the Julia syntax 
using the environment JuliaPro 1.5. All experiments were performed on an Intel Core i7-8565U 1.80 GHz machine 
(in 64 bits mode) with 8 GB memory and Windows Operations System and the results are publicly available on 
https://github.com/abreualexp/fs_neh_iw. The benchmarks are described as follows.

•	 120 of these instances were generated with the parameters for flow shop problem proposed by Taillard (1993) 
considering the sizes of { }  3, 4, 5, 8,1 0,1 2,1 5, 20n∈  and { } 3, 5, 6, 8,1 0,1 2,1 5m∈  used by Ku & Beck (2016).

•	 120 of the instances consist of the original benchmark sets of Taillard (1993) considering the sizes of 
{ }  20, 50,1 00, 200, 500n∈  and { }  5,1 0, 20m∈ .

•	 240 of the instances are the original VRF benchmark sets of Vallada et al. (2015), considering small sizes of 
{ }  10, 20, 30, 40, 50, 60n∈  and { }  5,1 0,1 5, 20m∈ .
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•	 • 240 of the instances are the original VRF benchmark sets of Vallada et al. (2015), considering large sizes of 
{ }  100, 200, 300, 400, 500, 600, 700, 800n∈  and { }  20, 40, 60m∈ .

In order to evaluate both solution results and computational times we applied the Relative Deviation Index 
(RDI) which is obtained for each method and instance and is bounded by [0, 100]. This evaluation criterion was 
also applied by Vallada et al. (2008) to analyse the results of heuristics and metaheuristics for a flow shop problem.

100 .  Method Best
Method

Worst Best

IW IW
RDI

IW IW
−

=
− 	 (14)

In this criterion, Best and Worst are the best and the worst results obtained among all the methods, respectively. 
With this measure, a value between 0 and 100 is obtained for each method such that a good solution will be close to 
0. If the worst and the best results are the same, i.e. all the methods provided the same solution, its RDI value will be 0.

5.2. Computational results

5.2.1. Rules’ results

Initially, the solutions of each scheduling rule were analysed among other scheduling rules, i.e., only the 11 
priority rules presented in Section 4.1. were used to compute the RDI. Table 2 shows for each rule its percentage 
of success (amount of times that achieved 0RDI =  in relation to all 720 instances), percentage of failures (amount 
of times that achieved 100RDI =  also in relation to all 720 instances), and average RDI (ARDI). The top three 
best algorithms for each statistic are highlighted in bold.

Table 2. Main statistics of the scheduling rules.

Rules Success (%) Failures (%) Solution ARDI (%)

LFBIT 1.94 10.83 54.98

LBIT 3.75 4.03 45.02

LLFIT 1.25 6.81 45.54

LFIT 17.08 6.94 34.29

LPT 1.53 5.69 43.98

RAND 4.86 2.64 32.23

SFBIT 38.89 1.25 11.91

SBIT 1.94 3.61 41.41

SLFIT 19.03 0.42 13.67

SFIT 6.11 65.83 81.42

SPT 16.39 0.69 14.74

Figure 4 presents the boxplot chart of each scheduling rule. This chart highlights the central, upper, and 
lower quartiles (rectangle), the median (horizontal line), minimum, maximum, and outliers.

From Table 2 and Figure 4, it is observed that the rules with better performance are SFBIT, SLFIT, and SPT, 
respectively. We highlight that the ascending order presented better results even with the SFIT outlier. The 
rules that considered all front or back idle did not present good solutions at all. Rules with descending order 
performed more uniformly.

Table 3 shows how worst is each scheduling rule solution in comparison to the optimal solutions found in 
Abreu & Fuchigami (2022). This analysis was carried out using 100 instances of up to 12 job and 12 machines. 
For each method and instance, we compute _100 1

_
rule solution

optimal solution
 

− 
 

. 
In general, the solutions found using the rules with the decreasing order of metrics were outperformed 

by the rules that use the increasing order of each metric. Additionally, only rules SLFIT, SFIT, and SPT 
were able to find the optimal solution for more than 10% of the instances analysed (13%, 15%, and 11%, 
respectively).

Figure 5 provides the scheduling rules’ average RDI for different sizes of jobs ( n ) and machines ( m ). We 
observe that, for a small number of either n  or m , the rules that use the decreasing order of each metric find 
worst solutions. It is also seen that, except for the rule SFIT, the rules that use the increasing order of metrics 
have better performance as the instance’s size increases.
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Figure 5. Average RDI of the scheduling rules for different sizes of instance.

Table 3. Difference between the scheduling rules’ solution and the optimal solution.

×n m LFBIT LBIT LLFIT LFIT LPT RAND SFBIT SBIT SLFIT SFIT SPT

3x3 79.81 31.32 99.05 105.99 93.25 61.54 35.22 77.08 16.56 15.95 20.92

3x6 28.91 25.66 34.05 37.65 31.56 23.64 12.63 23.60 6.36 3.64 7.98

3x8 18.50 16.01 25.25 30.23 23.74 9.48 15.28 14.37 5.17 4.98 12.55

3x10 15.65 8.31 15.51 21.00 14.99 15.04 11.69 16.17 10.24 5.83 10.97

4x3 86.56 49.43 106.24 110.00 89.02 60.23 53.03 78.87 21.60 52.72 31.18

5x3 197.51 133.68 187.83 174.65 189.07 145.05 90.58 144.99 58.54 90.03 68.46

5x5 75.76 55.49 80.72 90.39 85.62 59.56 52.44 67.55 25.49 31.16 18.28

8x8 59.05 62.32 70.17 71.20 71.25 40.90 43.40 48.00 33.34 41.97 33.99

10x10 56.91 50.61 65.31 59.18 65.79 56.87 40.13 52.93 39.70 44.24 36.42

12x12 62.08 42.73 61.59 63.73 60.66 56.19 44.81 52.39 41.83 41.22 43.44

Avg. 68.07 47.56 74.57 76.40 72.50 52.85 39.92 57.59 25.88 33.17 28.42

5.2.2. Heuristics’ results

It is expected that any rule performance would be improved with the heuristic insertion procedure. To 
evaluate these algorithms, the solutions obtained by the heuristics were also analysed separately, i.e., only the 

Figure 4. Boxplot of each scheduling rule performance.
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12 heuristic methods presented in Section 4.2 were used to compute the RDI. Table 4 summarise each heuristic 
percentage of success, percentage of failures, solution ARDI, and computational time ARDI. The top three best 
algorithms for each statistic are also highlighted in bold.

From Table 4 and Figure 6, the heuristics that consider as initial solution the rules that assign jobs in a descending 
order of the metrics achieved better results. Regarding the solution quality statistics (success, failures, and RDI), 
LLFIT can be assumed as the best heuristic over all others for being in top three best algorithms, followed by LFBIT 
and LPT which are in top three in two statistics. As observed before, the heuristics which consider all front or back 
idle did not present good results. However, regarding the computational time, the FF heuristic outperforms all 
other algorithms while also presents the highest percentage of best solutions (column “Success”).

Table 5 shows how worst is each heuristic’s solution in comparison to the optimal solutions found in Abreu 
& Fuchigami (2022). This analysis was carried out using the same instances as in Table 3. In general, see that 
the heuristics that use decreasing order of metrics as initial solution provide better solutions. In fact, apart from 
SFIT as initial solution, the only heuristics that found more than 20% of optimal solutions used LFBIT, LBIT, 
LLFIT, and LPT (23%, 21%, 21%, and 20%, respectively).

Figure 7 provides the scheduling rules’ average RDI for different sizes of jobs and machines. These results are 
more uniformly distributed, in comparison to Figure 5. However, notice that the heuristics that use the decreasing 
order of metrics as initial solution provide now better results, even as the size of either jobs or machines increases.

5.2.3. Comparative analysis

In this section, we provide a comparative analysis of the NEH insertion procedure. Tables 6 to 8 provide 
comparisons of ARDI, percentage of success, and percentage of failures between rules and heuristics, respectively. 
Since each scheduling rule presented in Section 4.1. is used as initial solution for the NEH, we evaluate the 
impact of this insertion procedure. From the definition of the procedure, we know that the final heuristic’s 
solution is at least equal to the provided initially. Note that the values in the rules’ column are computed only 
among the rules, and the values in the heuristics’ column are computed only among heuristics. For instance, 

Table 4. Main statistics of the heuristics.

Heuristics Success (%) Failures (%) Solution ARDI (%) Time ARDI (%)

LFBIT 16.94 3.06 25.33 33.34

LBIT 8.75 5.69 47.57 39.22

LLFIT 18.47 3.19 26.17 33.26

LFIT 6.25 29.03 60.37 41.73

LPT 18.89 5.00 25.23 49.34

RAND 10.83 3.75 30.29 38.01

SFBIT 7.78 10.14 46.29 33.73

SBIT 7.08 6.67 47.66 40.43

SLFIT 7.64 5.83 41.41 33.60

SFIT 7.36 28.06 60.66 31.75

SPT 7.64 5.28 39.09 30.03

FF 29.72 9.58 31.57 0.13

Figure 6. Boxplot of each heuristic’s performance.
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in Table 7, the LFBIT scheduling rule has better solutions for 1.94% of instances (compared with other rules 
only), while using LFBIT as initial solution for the insertion procedure results in better solutions for 25.69% of 
instances (compared with other heuristics only).

The top three best results are highlighted in bold. The comparison of performances is carried out through 
the  1 100heuristicdifference

rule
 

= − 
 

. 
Therefore, the best values of difference are the lowest for ARDI and percentage failures comparisons, and 

the highest for percentage success.
In terms of ARDI, we can observe an explicit inversion of performance from Table 6. The top three rules 

were SFBIT, SLFIT, and SPT, however, they had its performance worsened with the heuristic’s insertion procedure 

Figure 7. Average RDI of the heuristic algorithms for different sizes of instance.

Table 6. Rules and heuristics ARDI comparison.

Procedures Rules ARDI (%) Heuristics ARDI (%) Difference (%)

LFBIT 54.98 22.58 -58.93

LBIT 45.02 46.00 2.18

LLFIT 45.54 23.76 -47.83

LFIT 34.29 59.64 73.93

LPT 43.98 22.59 -48.64

RAND 32.23 27.92 -13.37

SFBIT 11.91 45.23 279.81

SBIT 41.41 45.90 10.84

SLFIT 13.67 40.09 193.33

SFIT 81.42 60.10 -26.19

SPT 14.74 37.56 154.83

Table 5. Difference between the heuristics’ solution and the optimal solution.

×n m LFBIT LBIT LLFIT LFIT LPT RAND SFBIT SBIT SLFIT SFIT SPT FF

3x3 6.07 6.07 13.14 23.60 6.86 6.92 11.83 12.95 7.59 7.64 10.97 23.35

3x6 4.18 6.42 4.18 8.27 4.18 8.06 7.74 8.97 7.74 3.16 6.70 7.98

3x8 3.07 4.96 3.76 9.50 4.23 7.80 7.66 3.26 3.12 2.40 6.14 5.24

3x10 1.64 1.28 1.82 4.77 1.69 2.38 5.09 5.10 6.38 3.99 4.91 8.79

4x3 20.12 21.09 10.99 28.67 26.35 16.69 25.91 22.46 13.67 8.84 17.99 22.82

5x3 33.91 25.63 40.03 34.26 36.44 30.11 27.64 36.66 26.08 26.37 28.99 48.79

5x5 15.16 17.93 16.59 15.20 21.29 10.09 13.87 7.62 8.69 11.99 9.30 11.90

8x8 17.96 17.35 16.61 16.85 17.82 15.03 17.94 16.72 15.25 19.61 16.60 20.33

10x10 16.51 19.72 25.70 18.64 19.94 17.04 15.81 24.09 22.89 25.15 17.33 25.57

12x12 23.62 23.96 16.99 20.60 21.56 21.93 22.44 18.14 22.75 23.22 24.04 20.03

Avg. 14.22 14.44 14.98 18.03 16.03 13.61 15.59 15.60 13.41 13.24 14.30 19.48
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(variation of 279.81%, 193.33%, and 154.83%, respectively). Yet, the heuristics LFBIT, LPT, and LLFIT are the 
ones that improved the most with the procedure and achieved the top three best results of ARDI (variation 
of −58.93%, −48.64%, and −47.83%, respectively), especially the LFBIT and LLFIT which went from one of the 
worst rules to the best heuristics.

For the percentage of success (amount of times that achieved 0RDI =  in relation to all 720 instances), 
Table 7 shows almost the same result as previous tables. The heuristics LFBIT, LPT, and LLFIT are the ones that 
improved the most with the heuristic insertion procedure (variation of 1221.43%, 1427.27%, and 1766.67%) 
and achieved the top three best results (success of 25.69%, 23.33%, and 23.33%, respectively). But for the 
rules, SFBIT, SLFIT, and LFIT, which were the top three rules, had their outputs worsened with the procedure, 
especially SFBIT and LFIT which are the ones that got worst (variation of −79.64% and −57.72%, respectively) 
and performed poorly with the procedure (success of 7.92% and 7.22%, respectively).

Regarding the percentage of failures (amount of times that achieved 100RDI = , also in relation to all 720 
instances), the best performing rules were SLFIT, SPT, and SFBIT. However, these rules had the worst variation 
when provided as initial solution for the heuristic procedure especially the SFBIT rule which went from one 
of the best to one of the worst performances. Although the rule SFIT had one of the biggest improvements 
(−53.16%), it remained among the worst results. The LFBIT procedure went from the second worst rule to the 
best heuristic achieving the variation of −65.38%. It is observed that the LPT procedure achieved the same 
performance in both the rule and heuristic algorithms.

In general, it is worth noticing, from Tables 6 to 8, that some scheduling rules that perform poorly on their 
own can still produce initial solutions that the insertion heuristic improves by a large margin.

5.3. Performance profile analysis
Additionally, we provide a visual representation of each method’s relative performance through performance 

profiles as proposed by Dolan & Moré (2002). This evaluation methodology presents a clear indication of the 
relative performance of each method as means of providing objective information when comparing optimisation 
algorithms (Gould & Scott, 2016). Some recent and interesting works on various scheduling problems that 
successfully took advantage of this methodology on its evaluation process are Moreno et al. (2019), Abreu & 
Fuchigami (2022), Freitas & Fuchigami (2022), and Fuchigami & Abreu (2024).

Table 8. Rules and heuristics percentage of failures comparison.

Procedures Rules failure (%) Heuristics failure (%) Difference (%)

LFBIT 10.83 3.75 -65.38

LBIT 4.03 6.39 58.62

LLFIT 6.81 4.03 -40.82

LFIT 6.94 30.42 338.00

LPT 5.69 5.69 0.00

RAND 2.64 4.31 63.16

SFBIT 1.25 10.97 777.78

SBIT 3.61 7.64 111.54

SLFIT 0.42 6.81 1533.33

SFIT 65.83 30.83 -53.16

SPT 0.69 6.39 820.00

Table 7. Rules and heuristics percentage of success comparison.

Procedures Rules success (%) Heuristics success (%) Difference (%)

LFBIT 1.94 25.69 1221.43

LBIT 3.75 10.00 166.67

LLFIT 1.25 23.33 1766.67

LFIT 17.08 7.22 -57.72

LPT 1.53 23.33 1427.27

RAND 4.86 14.17 191.43

SFBIT 38.89 7.92 -79.64

SBIT 1.94 8.06 314.29

SLFIT 19.03 8.47 -55.47

SFIT 6.11 9.72 59.09

SPT 16.39 8.61 -47.46
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The performance profile provides the method’s cumulative distribution function that indicates the experimental 
probability of its performance ratio ( ( )P f ) is within an interest factor ( f ) among all solved instances. The 
performance profile of an algorithm computes its relative performance for each instance, e.g., the ratio of its 
solution by the solution of the best performing method. Then, it is shown the proportion of instances in which 
the algorithm presented a relative performance up to a factor of interest. Figure 8 presents the performance 
profiles of all scheduling rules and heuristics.

Figure 8a presents the performance profile of each scheduling rule among all 720 instances. We can observe 
that the ascending way of ordering has outperformed the descending way, with the exceptions of the LFIT (that 
presented more success than all other rules) and the SFIT (that presented the largest amount of failures). It is 
also possible to observe three groups of rules with similar behaviour. The first one contains just the SFIT rule and 
has clearly the worst performance. The second group consists of the LFIT, SFBIT, SLFIT, and SPT. The remainder 
rules, which form the third group, have average performance and similar curve behaviours. We highlight that 
the consideration of all front or back idle presented some of the worst results.

Figure 8b shows the performance profile of each heuristic among all 720 instances. With the insertion 
procedure, the heuristics curve behaviour has moved to a more similar output. It is still possible to note that 
there are three heuristics that outperform the other in terms of curve behaviour.

6. Concluding remarks

We study a manufacturing system in which jobs are scheduled to be processed in the same sequence on a 
set of machines. The defined sequence must be one with the least unproductive time that consists in the time 
machines are not processing any job and a job is not processed on any machine. Based on the operational 
research literature, this system can be represented as a permutational flow shop scheduling problem with machine 
idle time and job waiting time minimisation.

Our literature review showed that no study has extensively compared metrics along with heuristics algorithms 
for this problem. We developed four tailored metrics designed to find high quality solutions for this scheduling 
problem and compared them with classic rules. Additionally, an insertion heuristic algorithm is implemented to 
further improve the metrics’ solutions.

The impact of the algorithm on each metric is comprehensively evaluated. Our computational experimentation 
consists in 720 instances from four benchmarks with different combinations of number of jobs and number of 
machines. We analyse each method’s results with based on percentage of success and failure, average relative 
deviation index, and computational time.

Among the insertion heuristic algorithms, the LFBIT, LLFIT, and LPT obtained the best results in all 
analysed statistics. In general, the heuristic which considers the Longest Last Front Idle Time rule (LLFIT) 
as initial solution outperformed the remainder algorithms. Although this method is not the top one in all 
statistics, it was the only procedure that was in the top three for all statistics. Therefore, we conclude that 
the LLFIT heuristic had the best performance for the total sum of core and front idle time and core waiting 
time minimisation.

Figure 8. Performance profiles of the methods.
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Unlike what was found by Framinan et al. (2003) for core idle time and by Maassen et al. (2019) for core waiting 
time, the original configuration of the NEH heuristic was not able to outperform our idle-time-based scheduling rules 
as the initial solution for the insertion procedure. In short, the LLFIT rule is more efficient for the problem addressed 
than the LPT. Therefore, since job scheduling plays an important role in production and operations management, our 
results contribute to practitioners which face similar problems and prefer fast and good-enough solutions.

Since our research were designed to evaluate the performance of the new metrics in the problem addressed, 
it is not possible to extend our conclusions for a broad amount of other scheduling variant problems. Then, 
testing our algorithms in different manufacturing systems, such as non-permutational scheduling, incorporation 
of blocking, and allowance of preemption or interruption, poses as further research opportunities. Furthermore, 
as new production measures with a minimum negative impact on the environment continuously increases, 
efficient methods to improve energy consumption, reduce waste, and unproductive times.

Data availability

Research data is available in a repository.
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